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We investigate the existence (or lack thereof) of the chiral magnetic effect in the framework of
finite temperature field theory, regularized via zeta functions. We show that the effect only appears
when the manifold is finite in the direction of the magnetic field and, in this case, it does depend on
the temperature, a well as on the size of the sample in the direction of the magnetic field, even for a
temperature-independent chiral chemical potential. Indeed, the associated current agrees with the
result usually quoted only in the zero-temperature limit, while it decreases with the temperature.
I. INTRODUCTION
The relevance of the Dirac equation in the description of certain condensed matter systems, both two- and three-
dimensional was recognized long time ago, as was the importance of Topology in giving such materials some exciting
properties[1–3]. After the production of graphene in the laboratory, the interest on these so-called Dirac materials
received an ever-growing attention, both from a theoretical and experimental point of view (for a review see, for
instance, [4]). Apart from graphene, Dirac matter includes topological insulators, Dirac and Weyl semimetals, among
others.
The methods of Quantum Field Theory have proved very useful in the description of many aspects of graphene
physics,(see, e.g., [5–11]), as well as other Dirac materials [12–14]. The aim of the present paper is to study, through
such methods, the very interesting chiral magnetic effect (CME) [15–17], i.e., the appearance of an electric current
in the direction of the applied magnetic field, due to a chiral imbalance originated in the 4-d axial anomaly [18, 19]
when a Dirac semimetal is placed in parallel electric and magnetic fields, thus turning into a Weyl semimetal. The
quite recent measurement of the magnetic conductivity in several three-dimensional Weyl semimetals [20–23] makes
the present study particularly timely, mainly because our finite temperature field theoretic calculation leads to some
conclusions about the effect of the temperature and sample size which are amenable to experimental test.
The outlay of the paper is the following: in section II we introduce our main conventions and determine the
spectrum of the Euclidean four-dimensional Dirac operator in the presence of a chiral chemical potential and of a
constant magnetic field. In particular, we study the properties of those modes which, as we show in section III, are
responsible for the appearance of the CME whenever it is present.
Section III contains the calculation of the zeta function-regularized effective action, with a brief introduction to this
well-known gauge invariant regularization method [24]. We first show that, in the limit of a continuous impulse, k, in
the direction of the magnetic field, the CME does not exist, and explain why this was to be expected on the ground
of gauge invariance. In the case of a manifold compactified in that direction, we show that the ordinary modes do
not contribute to the effect, and obtain the contribution of the special modes in a form which is adequate for taking
the zero-temperature limit. We find that, by virtue of the invariance under “large” gauge transformations of both
of the classical problem and the regularization method, the current shows a periodic behavior. Here, we also show
that such current is by no means independent of the temperature. Indeed, the effect disappears at high temperatures
(the inverse temperature β much smaller than the length of the sample in the direction of the magnetic field), as is
confirmed through an alternative expression of the effective action, obtained in appendix A. Throughout the paper,
we use natural units (~ = c = kB = 1).
Finally, section IV contains some comments and conclusions.
∗ gabriela@fisica.unlp.edu.ar
† mnieto@fisica.unlp.edu.ar, mariel@fisica.unlp.edu.ar
ar
X
iv
:1
91
0.
11
42
5v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
24
 O
ct 
20
19
2II. CONVENTIONS AND DISCUSSION OF THE SPECTRUM
A. Determination of the spectrum
We consider the Dirac equation in 4-d Euclidean space, in the presence of a constant positive magnetic field in the
x3 direction, as well as a given chiral chemical potential µ5, which enforces the chiral imbalance. We also introduce a
constant gauge field α in the direction of the magnetic field, to allow for the evaluation of the current J3 by performing
the α-derivative of the effective action and evaluating it at α = 0.
Our Euclidean gamma matrices are given by
Γ0 =
(
0 I
I 0
)
, Γi =
(
0 iσi
−iσi 0
)
, i = 1, 2, 3, Γ5 =
(
I 0
0 −I
)
. (1)
The Dirac operator to be used in order to obtain the finite-temperature effective action is
/D = iΓ0∂0 + iΓ
0Γ5µ5 + iΓ
1∂1 + Γ
2(i∂2 + eBx
1) + Γ3(i∂3 + α) , (2)
where e is the absolute value of the electron charge and, as said, B > 0.
Imposing antiperiodic conditions in the “time” direction in order to obtain the adequate Matsubara frequencies,
and Fourier-transforming in x2 and x3,
Ψ(x0, ~x) = e−i(2l+1)
pi
β x
0
e−ik3x
3
e−ik2x
2
Ψ(x1), l = −∞, . . . ,∞ , (3)
where β is the inverse temperature.
The eigenvalue problem then reads
/DΨ =
(
Γ0(2l + 1)
pi
β
+ iΓ0Γ5µ5 + iΓ
1∂1 + Γ
2(k2 + eBx
1) + Γ3(k3 + α)
)
Ψ = λΨ . (4)
Now, defining the new variable ξ = x1 + k2eB , the previous equation can be rewritten as
/DΨ =
(
Γ0(2l + 1)
pi
β
+ iΓ0Γ5µ5 + iΓ
1∂ξ + Γ
2 eB ξ + Γ3(k3 + α)
)
Ψ = λΨ (5)
or, in a more explicit form,(
0 λ˜− iµ5 − σ1∂ξ + iσ2eBξ + iσ3(k3 + α)
λ˜+ iµ5 + σ1∂ξ − iσ2eBξ − iσ3(k3 + α) 0
)(
ψ1
ψ2
)
= λ
(
ψ1
ψ2
)
, (6)
where λ˜ = (2l + 1)piβ . So, we have(
λ˜− iµ5 − σ1∂ξ + iσ2eBξ + iσ3(k3 + α)
)
ψ2 = λψ1 (7)
and (
λ˜+ iµ5 + σ1∂ξ − iσ2eBξ − iσ3(k3 + α)
)
ψ1 = λψ2 . (8)
It is easy to show that there is no solution for λ = 0. So, after solving (8) for ψ2, and replacing into (7), we get(
λ˜2 + (µ5 − iσ1∂ξ − σ2eBξ − σ3(k3 + α))2
)
ψ1 = λ
2ψ1 . (9)
It can be seen, in a similar way, that ψ2 satisfies the same equation.
There are two types of solutions to this problem,
• Special modes
Ψsp(ξ) = C e
− eBξ22

λ
0
(λ˜+ iΛ)
0
 , (10)
which correspond to λ = ±
√
λ˜2 + Λ2, with Λ = µ5− (k3 +α), and C the normalization factor. As we will show
later, it is these modes that are responsible for the CME when the x3 direction is compactified. In what follows,
we will refer to these modes as the special ones.
3• Ordinary modes
Ψord(ξ) = D e
− eBξ22

λHn(ξ)
−2ineBλ
Λ−(µ5+k3+α)Hn−1(ξ)
(λ˜+ iΛ)Hn(ξ)
−(λ˜+iΛ)2ineB
Λ−(µ5+k3+α)Hn−1(ξ)
 . (11)
Again, λ = ±
√
λ˜2 + Λ2, D is the normalization factor but, this time, Λ = µ5 ±
√
2neB + (k3 + α)2. We will
call these modes ordinary ones.
In all cases, the usual Landau degeneracy eB2pi is to be taken into account. In the case of a continuous k3, the density
of states Lz2pi must also be used in order to obtain an effective action per unit area perpendicular to the magnetic field.
B. Properties of the special modes
Note that the special modes in equation (10) are eigenfunctions of iΓ0Γ3Γ5 with eigenvalue +1 (those corresponding
to the eigenvalue −1 fail to be square-integrable). As a consequence, they are zero modes of iΓ1∂ξ + Γ2 eB ξ .
Equivalently, they satisfy iΓ2 (∂ξ + eB ξ) Ψsp = 0, which implies (∂ξ + eB ξ) Ψsp = 0. So, the Landau degeneracy
multiplied by the area is, in this case, nothing but the index of the operator (∂ξ + eB ξ), which is not self adjoint,
with its domain defined by the square-integrability condition.
Moreover, when considering these modes, the eigenvalue equation for the operator in (2) reduces to(
iΓ0∂0 + iΓ
0Γ5µ5 + Γ
3(i∂3 + α)
)
Ψ =
(
iΓ0∂0 + Γ
3(i∂3 + α− µ5)
)
Ψ = λΨ . (12)
This explains why, the corresponding eigenvalues depend on α−µ5. It also shows that, at least part of this dependence,
can be eliminated through a gauge transformation. We will analyze this point in the next section.
Also, by taking into account that Ψsp(ξ) = (ϕ1, 0, ϕ2, 0)
T , it is evident that, as already stressed in [25], the problem
restricted to these modes is a 2-d Euclidean one, i.e.,
[σ1i∂0 − σ2(i∂3 + α− µ5)]
(
ϕ1
ϕ2
)
= λ
(
ϕ1
ϕ2
)
. (13)
III. EFFECTIVE ACTION AND CURRENT VIA ZETA REGULARIZATION
In the framework of the path integral, the finite temperature effective action can be evaluated, by using the zeta-
function regularization [24], as
Seff = − logZβ ≡ d
ds
∣∣∣∣
s=0
ζ
(
/D
ρ
, s
)
, (14)
where
ζ
(
/D
ρ
, s
)
=
∑
λ
(
λ
ρ
)−s
,
and ρ is a parameter with dimension of mass, introduced to render the argument of the zeta function dimensionless.
The current in the direction of the magnetic field, per unit area perpendicular to it, will then be given by
J3 = − e
β
∂
∂α
∣∣∣∣
α=0
Seff . (15)
4A. Case of a continuous k3. Absence of CME
We will first consider the unbounded-space case. The zeta function can be written as
ζ
(
/D
ρ
, s
)
= ζsp(s) + ζord(s),
where ζsp(s) comes from the modes in equation (10), while ζord(s) comes from the modes in equation (11).
We will show in what follows that, when x3 is unbounded and, thus, k3 is continuous, there is no current parallel
to the magnetic field. This is evident regarding the contribution due to the ordinary modes, since the simultaneous
changes α→ −α and k3 → −k3 leave the eigenvalues unchanged. As a consequence, ζord(s) is an even function of α.
So, the α-derivative of this part of the effective action vanishes at α = 0. We then concentrate on ζsp(s).
ζsp(s) =
(
1 + (−1)− s2 ) eB
2pi
Lz
2pi
ρs
∞∑
l=−∞
∫ ∞
−∞
dk3
[(
(2l + 1)
pi
β
)2
+ (k3 + α− µ5)2
]− s2
. (16)
In order to perform the analytic extension of ζsp, we Mellin-transform this last expression, and get
ζsp(s) =
(
1 + (−1)− s2 ) eB
2pi
Lz
2pi
ρs
∞∑
l=−∞
∫ ∞
−∞
dk3
1
Γ(s/2)
∫ ∞
0
dt t
s
2−1e−
[
((2l+1)piβ )
2
+(k3+α−µ5)2
]
t
, (17)
which, after changing variable to κ = k3 + α, and performing the κ integration, leads to
ζsp(s) =
(
1 + (−1)− s2 ) eB
2pi
Lz
2pi
ρs
∞∑
l=−∞
√
pi
Γ(s/2)
∫ ∞
0
dt t
s−1
2 −1e−((2l+1)
pi
β )
2
t
=
(
1 + (−1)− s2 ) eB
2pi
Lz
2pi
ρs
∞∑
l=−∞
√
pi
Γ(s/2)
Γ
(
s− 1
2
)(
(2l + 1)
pi
β
)1−s
=
(
1 + (−1)− s2 ) eB
2pi
Lz
2pi
ρs
s
√
pi
2Γ(s/2 + 1)
Γ
(
s− 1
2
)(
2pi
β
)1−s
2ζH(s− 1, 1
2
) . (18)
Now, as can be easily seen, this part of the zeta function vanishes at s = 0. So, it is easy to perform the s-derivative
to get this partial contribution to the effective action, which we will call Seff,sp
Seff,sp = −4pi eB
2pi
Lz
β
ζH(−1, 1
2
) . (19)
It is clear that, this expression being α-independent, gives no contribution whatsoever to a current in the direction
of the magnetic field. This lack of CME is a consequence of the gauge invariance of the problem, which is well-known
to be preserved by the zeta-function regularization. In fact, α − µ5 can be removed from equation (12) through a
gauge transformation.
B. Case of a discrete k3. Existence of CME
Now, we turn to the case of a compactified x3 direction. As an example, we will impose on the eigenfunctions
antiperiodic boundary conditions , i.e.,
Ψ(x0, ~x) = e−i(2l+1)
pi
β x
0
e−i(2k+1)
pi
Lz
x3e−ik2x
2
Ψ(x1) l, k = −∞, . . . ,∞ . (20)
51. Contribution of the ordinary modes
The contribution of the ordinary modes (11) to the zeta function is given by
ζord(s) =
(
1 + (−1)− s2 ) eB
2pi
(
2pi
ρβ
)−s ∞∑
k,l=−∞
∞∑
n=1

(l + 1
2
)2
+
(
β
2pi
)2µ5 +
√
2neB +
(
α+ (2k + 1)
pi
Lz
)22

− s2
+
(l + 1
2
)2
+
(
β
2pi
)2µ5 −
√
2neB +
(
α+ (2k + 1)
pi
Lz
)22

− s2

=
(
1 + (−1)− s2 ) eB
2pi
(
2pi
ρβ
)−s ∞∑
l=−∞
∞∑
n=1
∞∑
k=0

(l + 1
2
)2
+
(
β
2pi
)2µ5 +
√
2neB +
(
α+ (2k + 1)
pi
Lz
)22

− s2
+
(l + 1
2
)2
+
(
β
2pi
)2µ5 −
√
2neB +
(
α+ (2k + 1)
pi
Lz
)22

− s2
+ {α→ −α} . (21)
From the last expression, it is evident that the part of the effective action coming from these modes will be even in
α, thus giving no contribution to J3, no matter the values of µ5, B or the temperature.
2. Contribution of the special modes
In this case, the first partial contribution to the zeta function becomes
ζsp(s) =
(
1 + (−1)− s2 ) eB
2pi
ρs
∞∑
l=−∞
∞∑
k=−∞
1
Γ(s/2)
∫ ∞
0
dt t
s
2−1e−
[
((2l+1)piβ )
2
+((2k+1) piLz +α−µ5)
2
]
t
. (22)
In order to isolate the zero-temperature (β →∞) limit, we use the inversion formula for the Jacobi Theta function
in the index l, which gives as a result
ζsp(s) =
(
1 + (−1)− s2 ) eB
2pi
ρs
(
2pi
β
)−s
pi
1
2
Γ(s/2)
∞∑
l=−∞
∞∑
k=0
∫ ∞
0
dt t
s−1
2 −1(−1)le−pi
2l2
t
[
e−([(2k+1)
pi
Lz
+α−µ5] β2pi )
2
t
+ e−([(2k+1)
pi
Lz
+µ5−α] β2pi )
2
t
]
=
(
1 + (−1)− s2 ) eB
2pi
ρs
(
2pi
β
)−s
pi
1
2
Γ(s/2)

∞∑
k=0
Γ
(
s− 1
2
)(
β
2pi
)1−s [(
(2k + 1)
pi
Lz
+ α− µ5
)2] 1−s2
+ 2
∞∑
l=1
∞∑
k=0
∫ ∞
0
dt t
s−1
2 −1(−1)le−pi
2l2
t e−([(2k+1)
pi
Lz
+α−µ5] β2pi )
2
t
}
+ {(α− µ5)→ (µ5 − α)} . (23)
After performing the t-integral, and making use of the definition of the Hurwitz zeta function ζH (s, q) =
∑∞
k=0(k+
q)−s, valid for <s > 1 and q > 0 [26]
ζsp(s) =
(
1 + (−1)− s2 ) eB
2pi
(
β
2pi
)s
ρs
spi
1
2
2Γ(s/2 + 1)
[
Γ
(
s− 1
2
)(
β
Lz
)1−s
ζH
(
s− 1, 1
2
+ (α− µ5)Lz
2pi
)
+ 4
∞∑
l=1
∞∑
k=0
(−1)l
(
2pi2l
β((2k + 1) piLz + α− µ5)
) s−1
2
K s−1
2
(
lβ((2k + 1)
pi
Lz
+ α− µ5)
)
+ [(α− µ5)→ (µ5 − α)] , (24)
6where Kν(x) is the modified Bessel function of order ν as defined, for instance, in [26]. Note that this result is valid
for |µ5 − α| < piLz . We will comment on this point later in this section.
As in the unbounded case, ζsp(0) = 0, which makes the evaluation of the effective action direct, and gives a result
which is independent from the unphysical parameter ρ. The special contribution to the effective action is, always for
|µ5 − α| < piLz , given by
Seff,sp =
eB
2pi
{
2piβ
Lz
1
2
(
− 1
12
+
(
Lz(α− µ5)
2pi
)2)
− 2
∞∑
k=0
log
(
1 + e−β((2k+1)
pi
Lz
+α−µ5)
)}
+ {(α− µ5)→ (µ5 − α)} . (25)
The zero-temperature contribution to the effective action and to the current can be retrieved from the first (l = 0)
term in the last equation. The remaining values of l, instead, will give contributions decaying exponentially with the
inverse temperature, β.
Here, it is interesting to note that, due to the particular properties of the special modes already discussed, once the
large gauge transformation is performed for any temperature, in the zero-temperature limit, where the compactification
of the “time” coordinate becomes irrelevant, the remaining part of α − µ5 can be classically eliminated through a
chiral transformation in x0. In this limit, the term depending on α− µ5 is nothing but the mass term expected from
the chiral anomaly in 1 + 1 dimension (see, for instance, equation (2.35) in reference [27]). This fact has already been
stressed in reference [25].
According to equation (15), the current in the direction of the magnetic field per unit area is, in the zero-temperature
limit,
J3(l=0)sp =
e2BLz
2pi2
µ5 . (26)
Once this expression is multiplied by the area, equation (24) in [16] is obtained. However, we stress two important
issues: In the first place, (26) is obtained only in the case a compactified x3 coordinate. In the second place, while
it is true that this is the only contribution to the chiral magnetic current in the zero-temperature limit (β →∞), at
any finite temperature, there are exponential corrections coming from this eigenspace for l 6= 0, given (always in the
range |α− µ5| < piLz ) by
J3(l 6=0)sp = −
e2B
pi
∞∑
n=0
[
e−β((2n+1)
pi
Lz−µ5)
1 + e−β((2n+1)
pi
Lz−µ5)
− e
−β((2n+1) piLz+µ5)
1 + e−β((2n+1)
pi
Lz+µ5)
]
. (27)
Both (26) and (27) are valid for |µ5| < piLz . It is enough to study this range, since the periodicity of the result is
a consequence of the fact that, this time, only “large” gauge transformations preserve the anti-periodicity imposed
when compactifying the x3 direction. In fact, for these special modes, according to equation (12), one can always
transform Ψ→ ei 2piLz nx3Ψ, with n ∈ Z, that does not spoil de antiperiodic boundary condition imposed on x3, which
leads to α− µ5 → α− µ5 − 2npiLz . The zero-temperature part of the chiral magnetic current is shown in FIG. 1
We stress that, contrarily to what is sometimes stated, the current associated to the CME is, by no means,
temperature-independent. The dependence of J3 on the temperature, for different values of µ5 in the range |µ5| < piLz
is depicted in FIG. 2.
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FIG. 1. Current density at zero temperature as a function of the chiral chemical potential.
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FIG. 2. Current density (in units of e
2B
2pi
) as a function of the temperature (in units of Lz
pi
), for some values of the axial chemical
potential.
IV. CONCLUSIONS
To summarize, we have performed a full computation of the current associated to the chiral magnetic effect, in the
framework of finite temperature field theory, regularized through the gauge invariant zeta function method. From our
calculation, some remarkable conclusions arise:
There is no CME when the manifold is infinite in the x3-direction, which is an evident consequence of gauge
invariance, preserved by our regularization method.
In the compact case, as was to be expected, the CME arises from the special modes, whose properties we studied
in detail. The associated current coincides, at zero temperature, with the well known result (see, for instance, [16]),
and seemingly considered to be valid at any temperature in the case of a constant chiral potential. Here, always as a
consequence of gauge invariance, this time meaning invariance under “large” gauge transformations, we found that,
at zero temperature, the CME current depends on µ5 in a periodic way. This dependence appears in FIG. 1. We
understand this point would be something worth exploring experimentally. As is well known, this zero-temperature
expression, combined with the assumption that the chiral potential µ5 is proportional to the four-dimensional anomaly
gives, for parallel electric and magnetic fields, a longitudinal magnetic conductance proportional to the square of the
magnetic field, something that seems to have been confirmed experimentally by now [20–23].
In the second place, our calculation shows that, for a given length Lz, the CME current decreases as the temperature
increases. We have obtained its precise dependence on the temperature. In particular, we have reobtained the
disappearance of the effect in the noncompact case, by explicitly performing the infinite temperature limit in appendix
A. This is to be stressed. Indeed, the disappearance of the effect with the temperature is usually attributed to a
dependence of the chiral chemical potential with the square of the inverse temperature. We find, instead, that the
effect decreases with the temperature, even when µ5 is a constant. We give a clear deduction of the way it decreases.
The temperature dependence for given values of the remaining variables appears in FIG. 2. We understand that it
would also be interesting to contrast this point with experiments.
8Appendix A: High temperature limit of J3
As is well known (see, for instance,[28]), in order study the high temperature limit of the CME, i.e. the β → 0-limit
of J3, we use the inversion formula of the Jacobi Theta function in the index k in (22),
ζsp(s) =
(
1 + (−1)− s2 ) eB
2pi
ρs
(
2pi
Lz
)−s
pi
1
2
Γ(s/2)
∞∑
l,k=−∞
∫ ∞
0
dt t
s−1
2 −1(−1)ke−pi
2k2
t ei k(α−µ5)Lze−((2l+1)
Lz
2β )
2
t
=
(
1 + (−1)− s2 ) eB
2pi
ρs
(
2pi
Lz
)−s
pi
1
2
Γ(s/2)

∞∑
l=−∞
Γ
(
s− 1
2
)[(
(2l + 1)
Lz
2β
)2] 1−s2
+ 2
∞∑
k=1
∞∑
l=−∞
∫ ∞
0
dt t
s−1
2 −1(−1)ke−pi
2k2
t cos(k(α− µ5)Lz) e−((2l+1)
Lz
2β )
2
t
}
=
(
1 + (−1)− s2 ) eB
2pi
ρs
(
2pi
Lz
)−s
pi
1
2
Γ(s/2)
{
2Γ
(
s− 1
2
)(
Lz
β
)1−s
ζH
(
s− 1, 1
2
)
+ 8
∞∑
k=1
∞∑
l=0
(−1)k cos(k(α− µ5)Lz)
(
2pikβ
(2l + 1)Lz
) s−1
2
K s−1
2
(
pik(2l + 1)Lz
β
)}
. (A1)
Performing the s-derivative, and evaluating at s = 0, we obtain an alternative expression for the effective action in
equation (25), which allows for the high temperature limit to be taken.
Sk=0eff,sp = −4pi
eB
2pi
Lz
β
ζH(−1, 1
2
) . (A2)
This coincides with equation (19), this contribution to Seff,sp being exactly all that is obtained from the special modes
in the unbounded space case. As stated before, it gives no contribution to the current in the direction of the magnetic
field.
The k 6= 0 terms contribute to Seff,sp with
Sk 6=0eff,sp = 4
eB
2pi
∞∑
k=1
∞∑
l=0
(−1)k
k
cos(k(α− µ5)Lz) e−
pik(2l+1)Lz
β . (A3)
Given that, as already explained, the ordinary modes do not give any contribution to the current, all that is left
comes from this last equation. We thus obtain an alternative expression for the current J3, given by
J3 = −2e
2B
piβ
∞∑
k=1
∞∑
l=0
(−1)kLz sin(kµ5Lz) e−
pik(2l+1)Lz
β . (A4)
From this expression, it is easily seen that the current in the direction of the magnetic field vanishes in the high
temperature limit.
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